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In the Coxeter group W{R) generated by the root system R, let Q{R) be the 
number of conjugacy classes having no eigenvalue —1. The superalgebra Hyy[R) of 
observables of the rational Calogero model based on the root system R possesses 
Q{R) supertraces. The numbers Q{R) are determined for all irreducible root sys- 
tems (hence for all root systems). 
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1 The superalgebra of observables 

The superalgebra Hw{r){u) of observables of the rational Calogero model based on the 
root system R is defined in the following way. 

For any nonzero v & V = define the reflections Rff as follows: 

(x V] 

RAx) = X — 2—^-—v for any x E V. (1) 

^ ^ {v, v) ^ ' 

Here (■, ■) stands for the inner product in V, i.e., (x, y) = YliLi ^iViy where the Xi are the 

def 

coordinates of vector Xt — (x% Cj), and the vectors constitute an orthonormal basis 
in V: (ej, ej) = Sij. The reflections ([1]) have the following properties 

Rv{v) = —V, Ri = 1, {R^{x), u) = (x, Ri;{u)), for any v, x, u E V. 

Definition 1. The finite set of vectors R G V is a root system if R is R^-invariant 
for any v E R and the group W{R) generated by all reflections R^j with v E R (called a 
Coxeter group) is finite. 

In this paper, we consider noncrystallographic irreducible root systems {H^, and 
h{n)) together with crystallographic ones {An, Bn, Cn, Dn, En, F4^, G2) [HE]. 

Let (a = 0,1) be two copies of V with orthonormal bases a" {i = 1, ... , A^), 
respectively. For every vector v = YliLi '^i^i ^ ^ "^^ ^ be the vectors = 
YliLi'^i^fy so the bilinear forms on ® can be defined as (x", y^) = (x, y), where 
X, y E V and x", G are their copies. The reflections R^ act on as follows 

RJh'') = /i" - 2 ^^ J for any /i" G 

[v, V) 

Thus, the Vr(i?)-action on the spaces is defined. 

Let u he a. set of constants with v E R such that = if R^ and R^ belong to 
one conjugacy class of W{R). 

Definition 2. Hy/^^^-^iy) is the algebra of polynomials in the af with coefficients in 
the group algebra C[H^(i?)] subject to the relations 

gh" = g{h'')g for any g E W{R), and /i" E 

where e"^ is the antisymmetric tensor, e^^ = 1. 

This algebra is associative because it has faithful representation via Dunkl differential- 
difference operators [3] acting on the space of infinitely smooth functions on V. Namely, 
let 



dxj 2 ^ (x, v) 



'^v j 



and HE] 

a," = -^(x, + (-l)"A), « = 0,L (3) 



The reflections Rff transform tlie deformed creation and annihilation operators ([3]) as 
vectors: 

^ V {v, V) J 

Since [Di, Dj] = [3], it follows that 

which manifestly coincides with ([2]). 

The commutation relations ([2]) suggest to define the parity tt by setting: 

7r(a") = 1 for any a, 2, n^g) = for any g G 

and consider Hw{r){i^) as a superalgebra. 

We call Hw{R){v) the superalgebra of observables of the Calogero model based on the 
root system R. 

Obviously, C[iy(-R)] is a subalgebra of 

Observe an important property of superalgebra Hiy{b){i^)- the Lie superalgebra of its 
inner derivation^ contains si2 generated by 

1=1 

which commute with C[W^(-R)], i.e., [T°'^, i?^] = 0, and act on a'^ as on s[2-vectors: 

[T°^, aj] =e"Taf + (4) 

The restriction of operator in the representation on the subspace of W{R)- 
invariant functions on is a second-order differential operator which is the well-known 
Hamiltonian of the rational Calogero model [6] based on the root system R ^ . One of 
the relations (jlj), namely, [T^^, a"] = — (— l)°a", allows one to find the wave functions 
of the equation T^^ijj = eip via the usual Fock procedure with the vacuum |0) such that 
a^|0)=0 for any i [S]. After iy(i?)-symmetrization these wave functions become the wave 
functions of Calogero Hamiltonian. 

2 Supertraces on Hyy(^ji^{u) 

Definition 3. Any linear complex-valued function str(-) on the superalgebra A such that 

strifg) = (-l)-(^)-(^)str(^7/) 

for any f,g & A with definite parity vr(/) and ii{g) is called a supertrace. 

^\jet A be arbitrary associative superalgebra. Then, the operators T>x which act on A via 'Dx{y) = 
[x, y} (supercommutator) constitute the Lie superalgebra of inner derivations. 
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The restriction of every supertrace on C[iy(i?)] is completely determined by its values 
on W{R) C C[H^(i?)] and the function str is a central function on W{R), i.e., it is constant 
on the conjugacy classes. 

Let us introduce the grading E on the vector space of C[H^(i?)]. Consider the subspace 
S{g) C V: 

£{g) = {x e V I gx = -xg] for g G W{R). 

Set 

E{g) = dim£{g). 
The following theorem was proved in j8] 

Theorem 1. The number of linearly independent supertraces Q{R) on Hw(r){v) does 
not depend on v and is equal to the number of conjugacy classes in W{R) with E{g) = 0. 
This Theorem helps to find the number Q{R) for an arbitrary root system R. 
Theorem [1] implies, evidently, the following statement 
Theorem 2. 

Q{Ri(BR2) =Q{Ri)Q{R2). 

Therefore, the problem of finding Q{R) is reduced to the problem of finding Q{R) for 
irreducible root systems R. 

3 The numbers Q{R) for irreducible root systems 



R 


Q{R) 


for the proof, see 


An-l 


the number of partitions of n 
into a sum of odd positive integers 


m 




the number of partitions of n 
into a sum of positive integers 


[lOj 


Dn 


the number of partitions of n 
into a sum of positive integers 
with even number of even integers 


m 
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Appendix [T] 


E, 


12 


Appendix [2] 


Es 


30 


Appendix [3] 


F4 


9 


Appendix H] 


G2 


3 


[n] 


H3 


4 


Appendix [5] 




20 


Appendix [6] 


h{n) 


L 2 J 


m 
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Appendices 



Appendix 1. Eq 

The conjugacy classes of the Weyl group Eq are described in Table 9 of [12]. 
The following 9 classes have not the root —1: 



A2, Al, A^, D^{ai), Al Eg, EQ{ai), ^6(02)- 



Appendix 2. £"7 



The conjugacy classes of the Weyl group E^ are described in Table 10 of [12 
The following 12 classes have not the root —1: 

0, A2, Al, A4, 1)4(01), Al, Ai X A2, Aq, De{ai), Eq, Ee{ai), ^5(02) 

Appendix 3. £"8 

The conjugacy classes of the Weyl group Eg are described in Table 11 of [T2 
The following 30 classes have not the root —1: 

0, A2, Al, Ai, Di{ai), Al, Ai x A2, Aq, 1)4(01) x A2, De{ai), 
Eg, Eeiai), ^5(02), A^, Al As, D^^aif, Ds{ai), Dsia^), 
Eq X A2, ^6(02) X A2, Es, Esiai) {i = 1, ...8). 

Appendix 4. F4 

The conjugacy classes of the Weyl group are described in Table 8 of [T2] . 
The following 9 classes have not the root —1: 

(f), A2, A2, B2, A2 X A2, 1)4(01), ^4, F4, Fi{ai). 

Appendix 5. 

Let k = (Vb + l)/2. Then the reflections 

1 
0-10 
1 

1 k k-1 
k 1-k -1 
k-1 -1 k 

-10 
1 
1 
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corresponding to the roots 62, |(— Ci + ke2 + k ^63) and el satisfy the relations 

a2 = 52 = = 1, [ahf = {hcf = {acf = 1 

and define the Coxeter group H^. 

As = SI X C2 (See P, Ch.VI, Sect. 4, Ex.11 d), p. 284; [I3], p.l60 and references 
there), where is the group of even permutations of 5 elements, C2 = {1, —1}, {\S§\ = 60, 
{H^l = 120), H3 has 10 conjugacy classes, 5 with positive determinant and 5 with negative 
one. 

The conjugacy classes with positive determinant are described by their representatives 



The representative 


The characteristic polynomial 


1 

ac 
be 
ah 
ahah 


{l-tf 
(l-t)(l+t)2 

(l-t)(t2 + t+l) 

{i-t)[e + {i-k)t + i\ 
{i-t){f + kt + i) 



Each of this characteristic polynomials has the root +1, and so each characteristic 
polynomials of any conjugacy class with negative determinant has the root —1. The 
conjugacy class with representative ac also has the root —1. 

So, the number of conjugacy classes without root —1 is equal to 4. 

Appendix 6. Hii 

According to |T3], all 34 conjugacy classes of are described by their representatives 
acting on the space of quaternions 

gir : X ^ Ixr* (A6.1) 

and 

g* : X I— *• px*. (A6.2) 
and all 25 pairs of unit quaternions / and r and 9 unit quaternions p are listed in Table 3 

of [13]. 

Each operator (1A6.2P has the root —1. Indeed, the equation px* = —x has nonzero 
solution X = —1 + p if p 1, and x is an arbitrary imaginary quaternion if p = 1. 
Each operator flA6.1l) has not the root —1 if and only if 

/o + ro^O. (A6.3) 

Indeed, the determinant of the map x 1— > /x + xr is equal to 4(/o + ro)^. 

There are 20 pairs of /, r in Table 3 of [13] satisfying the condition ( 1A6.3I) . namely, Ki 
with i = 1, 4, 6, 8, 10 - 25. 
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